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20 Introduction

[o unit 1, various aspects of the theory of single random variable were
»‘lsiudicd. The random variable was found to be a powerful concept. It enabled
mny realistic problems to be described in a probabilistic way such that
practical measures could be applied to the problem even though it was random.
Fom knowledge of the probability distribution or density function of impact
position, we can solve for such practical measures as the mean value of impact
position, its variance, and skew. These measures are not, however, a complete
tough description of the problem in most cases. It may be necessary 10
?&?o;:le ftheory to. inclpde several random variables. Fortunately, many
Fradon V:riag;“ engineering prol?lems are handled by the theory of two
— cs. Hence,. such 1m;-)ortant f:oncepts as auto correlation,
i . (:n and covananc.:c functions, which apply to random Processes,
- W0 random variables.

1 :
X < XTK(;"::‘;“SiOnal random variable : Let S be the sample space. Let
e Outcome Y = Y (5) be two functions each assigning a real number
2, Two-g; S_E S. Then (X, Y) is a two-dimensional random variable.
Ky are ﬁr:itn:: ensional discrete random variables : If the possible values of
Y ® randop, : ' -Countably infinite, then (X, Y) is called a two-dimensional
o ariable. When (X, Y) is a two-dimensional discrete random

i © possi
“1y ) Sl.ble values of (X, Y) may be represented as (xi ¥j),
. N y Y J

illvzi TWo.di:’n 1 =123 .m

. ensj .
%di;es I 3 Sp?cr.l?l c(’“tllfuous random variables : If (X, Y) can assume
2 “Miong] ihed region R in the XY plane (X, Y) is called a
\ J%t dist °nlinuous random variable ,

Stribyye: ’

Yt uthns A .

T‘:\Wm Probapy marginal and conditional distributions.
?:ﬁn‘gde Proby, Hlity distribution m

; bilig;
e 98 f,, L es g
; tmhs, UnCuOHS . xf the two events A={X=x}and B = {Y = v}
d . o
nd y, respectively, are called probability distribution
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Dimensionai Random Variables
0
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T BLEMS UNDER DISCRETE RANDOM VARIABLES .
; :
m, the following table for bivariate distribution of (X, Y) find
p p(x<D), (D P(Y=3), (i) P(X=1,Y=x3),
@ PES/Y=3), M PA=3/X=1), (vi) P(X+Yxa).
(i) The marginal distribution of X or Marginal PMF of X
(.ﬁi).The marginal distribution of Y or Marginal PMF of Y
(ix) The conditional distribution of X given Y = 2
(x) Examine X and Y are independent. (xi) E[Y — 2X]
Y 1 2 3 4 5 6
X
0 0 0 X 2 2 3
32 32 32 32
1 1 1 1 1 1 1
16 16 8 8 8 8
2 EL, 1 1 1 4 =
32 32 64 64 o
Solution -
Y =
A 1| 2 | 3 | 4 | 5| 6 | @
L S i 8
U 0 1 2 | 2| 2 |px=0=3
oy 32 32
32 32  the
P(0,5) P(0,6) (sum ©
PO | P2 | PO3) | POY | row)
\1\\\_ ,.ZQ-
1 1 il 1 1 % P(X=D=73
16 16 8 8 8 i | of the
P | pa2) | pa3 | Pas) | PAS) ' Il row)
\ __—/"/"—j——‘:’
; T 1 1 0 % P(X=2"73
FY) — — i 6
32 32 64 64 - oo | the
. ‘@) | pe) | pea) | P | PEY) ' i 1ow)
Y0 BCsSvive ‘ y=HF =9 :
* fo) IB(Y=2)P(Y=3)|P(Y=4)P(Y= 16
= _32" = -3_ - _1_:.1.. = -1—3- = 'é—‘ . 6—‘;
; g 2 32| 64 64 32 m of
v Um of um of | Y
the | Sum of | sum of | sum of | 8 v | the vi
: the Il | the m | the IV | the colum” /

Colum n
Q[_‘“ﬂumn column | column fffﬂd/




Two Dimensigng Ra

\ i ) m}
 §
1 0.10 0.15 “mi
P[2, 1] P[4, 1] SUm of ey, |
3 0.20 030 Py
P[2, 3] P[4, 3] sum of the ”";
5 0.10 0.15 PlY=5 =771
P2, 5] P[4, 5] sum of the I, |
P[X=2]=0.40 P[X=4]=0.60 4
Px() =P, sum of the sum of the 1 ?
I column II column
If X and Y are independent, then ;
PIX = ilxPlY =j] =P}, v ij |
Here, P[X = 7] XPIY = 1] = p2, 1) |
1e., 040 x 025 = 0.1
Similarly, PIX = 2] xp[y = 3] = P2, 3] ;
P[X=2]><P[Y=5]=P[2,5] :
PIX = 41 xply = g = P[4, 1] |
PIX = 4 xPply = 3) = P[4, 3]
P[X=4]><P[Y=5]_—_p[4,5] {
X and Y are indenani-_. |
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;’Wﬂhe random variables X and Y is given by

it o oint pdf 0

) =
) AT

{olution

o the random variables ‘independent ?

+1) 1%
xe X0 D
X 0

pe) = J Py)dy = Jxe 0 Vg
- 00 0
e X, 0<sx<®

1 t.
= X and Y are not independen

o0 < _ +1
PG) = JP@y)dr = [0 D
0
u=yx;y=eX0FD
Wwo=1;v = —e X0 Dy +1
2
u' = 0; v, = ARV NERY %
: - i
{ '0= |- L xo+D_ 1“2”0”]
y+1 (Y"'l) 0
o
q 305 =%
L:QQ (y+1)2 2
.7-;. nsider P(x) . P(v) e e_x ____]_-______ * P(x,Y)
(y+1)

_.x(y+ 1) where 0 <X,y < . (i) Find P(x) and P(y) and
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2.2 COVARIANCE, CORRELATION ANp REGRE Q T
| SSlO\ i -

When two or more random variables are defineq

. i On d §
it is useful to describe how they vary together, thy is, it i Probab;gﬁ,h (i
the relationship between the variables. A commgp mcasuré el N
between two random variables is the covariance, To" deg of ¢ C rely,,

Covs

we need to describe the expected value of g function of (
h(x,y). The definition simply extends that ugeq for a
random variable.

1. COVARIANCE

If X and Y are random variables, then ¢
defined as,

IEC'
wo Tandop, ,

’ rﬁ
functjg of ]

O-variance betye, e
[A.U N/D 2019 e (v
Cov (X, Y) = E [(X - E(X)) (Y - E(Y))] |
= E[XY - XE(Y) - YE(X) + E(X) E(Y)]
E [XY] - E(X) E(Y) - E(X) E(Y) + E(X)E(Y) @ 2
= E (XY) - E(X) E(Y)

I

Cov (X, Y) = E (XY) - E(X) E(Y) " in
II\;();: :If X and Y are independent, then Cov X, Y) =0 } !hc.
and Y are independent, then E [XY] = E(X) . E(Y) s*;:

= Cov (X, Y) = g | *mc
@ Cov (aX,by) = g Cov (X, Y) B
Cov = ™
@X,bY) = E [(aX) bvy] - E (@X) E (bY) the

= ab E(XY) - ab E(X) E(Y) ) LTy,

" - = @b [E(XY) - E(X) E(Y)] = ab Cov :
(if) Cov (X+a’Y+b)=Cov(xy) ) E(Y)]

Coy (X +- ‘H‘)

r(LXY PO A ap) - )+ a) (B bslm |

e Y)‘*‘I)EX 3(Y) -}
(i) Coy o, : EX) E(Y) = Coy (X, Y) : ;:10
Cov e (aX + b, ¢y 4 d) = g¢ Cov (X Y) o ‘\Jétq 0
. ¢ fory,
L { b, cY - (1) = B [((lx +’b) ((:Y " d)] _ ]’3({!}\ ’:,,l}] S“\Qr

5 [uc Xy + ad Y 5 cE(Y) ’J P

© aeIxy XA beY + pa ~ [aB(X) + bl ) Mo

- )‘,de E(X) + be B(Y) 4 b ~ ac B E L

(X) -~ be E(Y) — bd

< oac R (XY)

T EX) E(Y)) = ac cov (% V)



Two Dimensional Random y
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gExample 2.2.3

participants were ranked according to their performance in 5 Mugg
&

Ten
test by the 3 Judges in the following data.

1 2 3 4 5 6 7 8 m
Rank by A | 1 6 5 10 3 2 4 9 = f »
RakbyY| 3 | 5 | 8 [ 4| T |0 2]1}6 | =
Rank by 2 | 6 | 4 | 9 | 8 1 2 | 3 | 10 5*7\-

Using rank correlation method, discuss which pair of judges has the neares

approach to common likings of music.

Solution :

N | oy | & | di=xi—yi | da=yi— g | d3EX T dar | d | &
1 | 3 | 6 5 3 _5 RIERE
6 | 5 | 4 1 1 2 1 :
5 8 | 9 -3 -1 —4 9 | 1|1
10 | 4 8 6 —4 2 36 | 16 | ¢
3 7 1 -4 6 2 16 | 36 | ¢
2 |10 | 2 X 0 64 | 64| 0
4 | 2| 3 2 ~1 1 g; |1
o | 1 | 10 -9 -1 64 | 81|}
716 |5 2 ] O
g8 | 9| 7 -1 2 1 1y M4
The rank correlation co-efficient between X and Y is given by
63 dj _ 10
rX,Y) =1-—5—— Here, n
n@n°—-1)
_ 6 X200  _ _go12

1-T0@o—-1) ~

The rank correlation co-cfficient between Y and Z is given by
r, 2) = 1- sy T T - )

The rank correlation co-cfficient between X and Z is given by

s d3
r(sz) """'1"‘--—6—2——3-—=1—____§_2(__§—0-——-=0636 ,ﬂL'
n{@n°—1) 10 (100 — 1) it J,;
Since the rank correlation cocfficicnt between X and Z 8 77" qear®
d Z has the

maximum, we conclude that the pair of judges X an
approach to common liking in music.

o




23 REGRESSION

g (1) Regression m
Regression ls a mathematical measure of the average relationship between
wo or more variables in terms of (he original limits of the data.

m(2) Lines of regression m
(1) The line of rq,rcssmn of y on x is given by

)’y-ﬁ—o—n . (1)

(2) The line of regression of x on y is given by
— a. —
X—x = ro,—;(ymy) v (2)

Note : Both the lines of regression passes through (X, ?)

R(3) Regression coefficients m

o
(1) Regression coefficient of y on x is r% = by
GX

(2) Regression cocfficient of x on y is 7 o, = byy

Correlation coefficient r = =% bex bxy

_2@-D@-Y ., - IE=90- )

“'h(:rc -
byx E (.1 _x) xy 2 (y )’)




Example 2.3.2

The two lines of regression are

8x — 10y + 66 = 0 v (A)
40x — 18y —214=0 .. (B)
The variance of x is 9. Find (i) The mean values of x and y
(ii) Correlation co-efficient between x and y [AU N/D 2003

[A.U CBT M/J 2010, CBT N/D 2011, CBT A/M 2011)
[A.U A/M 2015 (RP) R13]

[A.U M/J 2015 R13 PQT] [A.U M/J 2016 RI3 RP]

Solution: (i) Since both the lines of regression passcs through the mean

values x and ;, the point (;,;) must satisfy the two given regression lines

8x — 10y = —66 . (1)
40x — 18y = 214 )
(1) X 5= 40x — 50y = —330 .. (3)
2) x 1= 40x — 18y = 214 .. (4)
3) - @ = 32y = —544
y =17

Sub in (1) we get
8x — 10 (17) = —66

x = 13

Hence the mean values arc given by x = 13,; =17

(i1)
/
(A) = &=10y—66 (B) = 18y=40x — 214 P = by byx
L1066 L 40 21 _ (w0 5*.9)
8 8 Yy=18*" 18 = |8/ (18
LN
) 10 . 40 ;o= 1.66¢ 1
1.C., b = - e, = ——
Xy 8 LC,, byx 18 /




§ -, oimensionz! Random Variables

¥ / .
o) - 1y = &+ 66 [(B) = Uee=18y + 214 T
.:" = . = by-‘ b,~
s g 0 ' -
2 5o { = ,_18 214 3 \
i T 187 10 . f-“;)y-r 40 - (.fi) (18‘
f | " 10) {30
| \ \
b | I = 0.36
¥ s | o
o g 12
b, B, = —— I.e_ b = =2 ro= =
12 o by = 22 06
¥
: . of e T v
| Sme= both the regression cocfficients are Positive 7 must he Positive r = (6

o by 160 students in an intelligence test. )
 Betweswm zge and intelligence test.

? fmaks | 16y 17-18 18-19 19-20
¥ . 1
By ,; 20 10 3 2
|
| U0 | 4 28 6 4
\\:
6 | 0 5 11 0
!
€70 | g 0 2 0
— |
Ta | g 0 0 >
T . . . - - -
CR B taken a7 = 185 and § = 55
{ = —< _x-185 [ & = difference between x values]
3 .
. 1
[ P~ - 2 . . ralues
\;i =X=35 [k = difference between y values]

10
y S sum of the each row
L= sum of the each column

f*?’ = Given frequency

N ~ 2};:2;;:100




Two Dimensional Random Variab
IQS

2.74
, ( —
> X 16.5 175 | 185 | 195 | Jy Y | Y[, Yzfy m
35 | fiy=20 | 10 3 2 35 | =2 | =70 140 [T
XY =4 p) o -2
XYf,y=80| =20 =0 | = ~4 5
45 4 28 6 4 2 | -1 | =42 4 [ —
2 1 o -1
=8 =28 =0 | =—4 %y
55 0 5 11 0 16 0 0 0
0 0 0 0
=() =() =() =( 0
65 0 0 2 0 2 1 2 2
-2 -1 0 1
=0 =0 | =0| =0 0
75 0 0 0 J 5 2 10 20
-4 =2 0 2
=0 =0 | =0| =10 10
£y 24 43 | 22 | 11 [100 | 0 |[-100| 204 | 138
X -2 -1 0 1 )
Xf, —48 -43 | 0 11 | =80
Xzfx 96 43 0 11 150
XYfyy 88 48 0 2 | 138 4 ]

In each cell upper values are fxy (given), middle are XY,
lower are XYf,,

2
=Xty (X)) 150 (—80)>
2 = 2\ W |2 150 _ g
T(Y2f)  (2(Yfy)" 204 (-100)°
Y N N 100 100 104 = oy = 10

, - (XY (ZXE)) (Z(YF))_ 138 (=80 _100)
N N N | 100 ({100 { 100
= 1.38-08 = 0.58

_ P _ 0.58 _
T T oxoy (0927 (1.019)’0'6137



-
i Two Dimensional Raﬂdomv s i ensional Random Variables
2.;1 TRANSFORMATION OF RANDOM VARIABLEg “ _ lf(u,v) dv - (1)
p 1. Two functions of two random variables m 16 e

If (X, Y) is a two dimensional random  variable wiip, foin [(u,V)
, if Z=g(X, Y) and W = h (X, Y) arc two Other f&u;‘ 9x 9x
R

206y |91 0V (g
whcr01=a(u, v) |9Y ay

Sy (6,y) and

sariables then the joint p.df of (Z, W) is given by,

B

9z 9z ou 9v
fxy ®,Y) e I@w) _ |ox  ay i i
fow@W) = g e Icy)  |aw o | —y
L L e
v here J = J (x,y)
o)  fw@w) = 1| fxy(®xy) whereJ = 6w »
Note : This result holds good, only if the cquation Z = g (X, V)« ,/uz _ 2
W = h (X, Y) when solved, give unique values of x and y in terms o
L 7,1
dw. = 1 R ,———s & = dyye ®HY)
. ViZ _ 2 fy) Xy
i 2
m 2. One function of two random variables W - VA E e ()

- u 2_2,~u
If a random variable Z is defined as Z = g (X, Y), where X a! m’””"’)“————[‘w u"-ve 2]

ut—v
are given random variables with joint p.d.f f(x,y). To find the pdf °”’2 x20 y20
: 7 ; i = . in the jointp
introduce a scconc.l Random vz?nablc W = h(X', Y) and obtain Thc] it = 4upeV (5)or20 (C)a‘/‘uz_yz >0
of (Z, W), by using the previous result. Let it be fzw (% w). ;
. : : §op 2_ 2
p.df of Z is then obtained as the marginal p.d.f is fz (z) 18 obtained Y u : = ' =y'el
1 o
integrating fw (Z, W) w.r. to w. Wsf () = [ awe™ av 5 w2V
: 0
© 2 U = uzv
i.C., f: Z) = - zZ, W dw - 4“ c-u fvdv
2(@) _fwfzw( ) g |
Example 2.4.1
u
dom thu = 4y —u? |12
L’“'(X, Y) be a two-dimensional non-negative continuous ran N ) .
having the joint density,
2,2 2 2
f(x,y)=[4Xye‘("+’),xzo, yz0 =duerr . |Ep
0, elsewhere i 2
¥ind the density function of U = W i M Zilﬂ 1 = 2,3,
(AU AM 2005] (AU Tvii M 2000 g &} ¢ Huzo
Solution;

The density function of U is




Iwo Dimensiona| Ra"domv
2.84

[Example 2.4.2

U=X+Y and V =X - Y, how are the joint p.d.Ps of (x’y)and(t :
=/ !';
related?
Solution :
Sy = 1T - )
ax 9x
_9y) _ |ou v
where  J = () ay oy - (2)
du adv
Given:u=x+y .. 3),v=x-y .. (4
G+ > 2 =u+v B)=@) > 2 =u-y i
-3 ~ L
x = 2(u+v) y = 2(u )
ox _ 1 ay 1
du 2 du 2
o _1 ay _ 1
v 2 av - 2
11
@@= y=|> 2/__1.1__1
11 474~
2 2
. 1
S = =
1] 5

1) = fuy) = %f(x,y)

Example 2.4.3

IfrxX : i .
i and Y are independent random variables with p.d.f e %, x20,
e

_A_ and
XY

AU NP
ND o, KO

i
9 i

2017 (
M 2018 R4

> . .
¥y20 Fespectively, Fing ype density function of U=

V=
X+Y. Are Uy &Yy independent ¥

(AU Tricy
Y M/J 2009, A,U N/D 2009
A. ; ‘
[AU ND 2015 R13, N/D 2017 (RP) R13,
Solution : (AU ND

Sincg, X and Y

[y) = e o Mepdendent
3 = e

€Y = omlty)

b o m
M e dcnsi[y fun

v/D 20“1 3

R“,ﬂ-

mensional Random Variables

ction of U is

[0 7 L - ()
e dc.nSi[y function of V is
. 0= }of(u, v) du . (2)
*obere f (U, V)= [J1f (. y) - (3)
ax ox
d(x,y) _|ou dv
J=———0 wv " |ay ay| - 4)
du dv
: (4) »]= __: lzu =y—uv+uv=y

‘(3) > fu,v)=ve ¥

(’)°f(u)=7vc""dv
0

ol
e [-ve~v_e-v]°°

0

-0 - oy - g

@ 1
L0 - Ive™ay= ve—v.}du
0 0
Spev[ 1
[]o =ve™ [1-0eyevvz0

_:;Ngw
O r
O%; vy - W) pe

v.”

ve

v, 7 1 d = f(u, V)

v .
'ﬁﬂdom e Independent

y X,y=20

Variableg

SRR

Gi\'cn .
X
U=— A
Xty (a) V=x+y .. (b)
X
> ll=; by (b) yryay
Fx=w . () y=vyy Ad)
dJ
=y L) I
du Y
dx P
> a5
ay ¢ 0v—l-u
fly) =0ty
x20 y20
uv 20 by (c){v —uv =20 by (d)
= y2(0 >y2uy
> 12u
> u<l
\4
.
u=0 N—] =y
=N >
O v=0 ¢




